In this paper I investigate how conceptual engineering applies to mathematical concepts in particular. I begin with a discussion of Waismann's notion of open texture, and compare it to Shapiro's modern usage of the term. Next I set out the position taken by Lakatos which sees mathematical concepts as dynamic and open to improvement and development, arguing that Waismann's open texture applies to mathematical concepts too. With the perspective of mathematics as open-textured, I make the case that this allows us to deploy the tools of conceptual engineering in mathematics. I will examine Cappelen's recent argument that there are no conceptual safe spaces and consider whether mathematics constitutes a counterexample. I argue that it does not, drawing on Haslanger's distinction between manifest and operative concepts, and applying this in a novel way to set-theoretic foundations. I then set out some of the questions that need to be engaged with to establish mathematics as involving a kind of conceptual engineering. I finish with a case study of how the tools of conceptual engineering will give us a way to progress in the debate between advocates of the Universe view and the Multiverse view in set theory.
Introduction
Mathematical concepts are of great relevance to the general process and methodology of conceptual engineering. Conversely, conceptual engineering gives us useful theoretical tools and insights into the practice of mathematics. In this paper I will be exploring both of these directions, setting out how mathematicians can be seen as a kind of conceptual engineers and how looking at mathematical concepts in particular can illustrate and help us to evaluate arguments and distinctions deployed in conceptual engineering, especially by Cappelen (forthcoming) and Haslanger (2012) .
While the central examples of conceptual engineering in the literature have received substantial attention recently, the realm of mathematics has only been lightly touched upon, such as in Scharp and Shapiro (2017) and implicitly in the work of Linnebo (2016) . This is not to say that the development and change of mathematical concepts has not been considered more generally outside of the discussions of conceptual engineering; for example, the work of Lakatos on this subject is widely known (Lakatos 1976) , something I will be discussing below. Nonetheless, there is a temptation to view mathematics in an idealised way as a safehaven for concepts, where rigour and formality protect against the defects, imprecision, sloppiness and inconsistencies of everyday concepts. I will argue that we would be wrong to fully give in to this temptation, and that mathematics is not a safe space where we are in strict control of our concepts. Mathematics depends on the informality and creativity in the concepts being used for it, and as a result mathematics also involves a great deal of choice, development and engineering of the concepts involved.
I will begin in Section 2 with a more general discussion of the importance of Waismann's notion of open texture. While conceptual engineering commonly refers back to Carnapian explication as its modern forerunner, I will show that open texture is equally relevant and provides a useful way to think about the fixity of concepts. I also contrast Waismann's original description of open texture with Shapiro's recent discussion of it, which is also of independent interest. Following Shapiro, in Section 3 I will demonstrate that a major lesson to be learned from Lakatos is that mathematical concepts can be open textured in Waismann's sense. Next, in Section 4, I will argue that mathematics is not a conceptual safe space in the terminology of Cappelen (forthcoming), arguing from the open texture of mathematical concepts and the problem of semantic contamination in mathematics. Following up on this, in Section 5 I will deploy Haslanger's manifest/operative concept distinction to the case of set theory, showing both that this arises in the supposedly safe space of mathematics and that the tools of conceptual engineering are enlightening when applied to mathematics. In Section 6, I will propose that there is serious scope for undertaking a project of conceptual engineering for mathematical concepts and consider the key questions that should be addressed as part of it. Finally, in Section 7 I will show how these questions will apply to the case of the contemporary debate between the Universe and Multiverse views of set theory. This will demonstrate that importing the conceptual engineering perspective into mathematics will suggest a novel and exciting new way to address a difficult and controversial issue in the foundations of mathematics. 1
Waismann and open texture
Let us begin by investigating what it is for a concept to display open texture, as it is used by Waismann (1968) and Shapiro (2006a) . 2 It should be noted that although Shapiro follows Waismann in general, the exact characterisation of open texture does shift somewhat between them. I shall set out the two definitions and see how closely they agree. The main difference between the two seems to come down to the difference between the potential for sharpening concepts vs. the potential for extending the domain of the concepts.
Waismann introduces the term 'open texture' through examples such as the following regarding our concept of cat:
What, for instance, should I say when that creature later on grew to gigantic size? Or if it showed some queer behaviour usually not to be found with cats, say, if, under certain conditions, it could be revived from death whereas normal cats could not? Shall I, in such a case, say that a new species has come into being? Or that it was a cat with extraordinary properties? (Waismann 1968, 119) Further examples include people who show the unusual feature of disappearing and re-appearing, someone who is old enough to remember King Darius and a lump of gold which emits a new kind of radiation. The point is that in such surprising situations the concepts we possess do not settle whether these are just unusual manifestations of the familiar concept or the appearance of some new thing entirely. Waismann links this up to two crucial points: (1) that our concepts are only delimited in some possible directions and not others, and (2) what he calls 'the essential incompleteness of an empirical description' (Waismann 1968, 121) .
Waismann never gives an explicit definition of open texture, 3 but the relevant property found in the examples appears to be that of (1): that the concepts we deploy and use to understand the world around us are not delimited in all possible ways. Indeed, let us take this as the central 1 Something to note in the following is that I am unashamedly glossing over whether the central point is one about concepts or about our use of language. This is not because it is unimportant in general (it definitely is important) but because I don't think anything I have to say particularly depends on it. I am drawing on a number of authors, who seem to go different ways on the question, and constantly changing terminology would be cumbersome for little payoff in this setting. 2 Shapiro's book has an appendix focussed entirely on Waismann's account of open texture (Shapiro 2006a, 210-215) . 3 It may be that open texture itself is the sort of thing that avoids full specification, such that the concept of open texture is itself open-textured. Such considerations are familiar from the literature on vagueness.
The connection between open texture and vagueness will be discussed shortly. We language users introduce terms to apply to certain objects or kinds of objects, and, of course, the terms are supposed to fail to apply to certain objects or kinds of objects. As we introduce the terms, and use them in practice, we cannot be sure that every possible situation is covered. (Shapiro 2006a, 210) A good way to think about this is presented by Bartha in terms of hard and easy cases:
Typically, the decision about whether the predicate applies involves a nontrivial comparison to paradigm cases or prototypes. There will be 'easy cases' where there is general agreement that the predicate does or does not apply, and 'hard cases' where applicability is open to debate. (Bartha 2010, 9) Importantly, open texture does not require that we have already identified such areas of openness, only that it is possible that there are such areas. The mere potential for new situations to arise in which we can question how the concepts are applied is enough. We do not need to know in advance which kinds of questions will push us outside of the standard domain of application, and in fact we usually don't know this in advance and usually don't predict the difficult situations that might arise for our application of concepts. Shapiro's version of open texture is slightly different. In Shapiro (2006a) is arguing for an account of vagueness which rests on open texture. However, we can observe that the definition he uses is not quite the same:
Suppose, again, that a is a borderline case of P. I take it as another premise that, in at least some situations, a speaker is free to assert Pa and free to assert ¬Pa, without offending against the meanings of the terms, or against any other rule of language use. Unsettled entails open. The rules of language use, as they are fixed by what we say and do, allow someone to go either way. Let us call this the open-texture thesis. (Shapiro 2006a, 10) The main difference between the two definitions is with respect to vagueness, through which we see that Shapiro's notion is somewhat broader in a certain sense. On Shapiro's account borderline cases of vague terms can count as open-textured because we can sometimes go either way on whether the term applies or not, while on Waismann's definition these will still fall within the standard domain of application (even if they might be hard to decide) so wouldn't count as cases of open texture. For example, taking a paradigm case of vagueness such as bald, there will be some borderline cases in which it isn't clear whether the head in question is bald or not, satisfying the second definition, nonetheless if the person whose hairline is under discussion is a normal one then this will be within the standard domain of application and disapplication of the term 'bald' so the first definition will not be satisfied. However, the term 'bald' will still be open-textured on the first definition because of the possibility of other hard cases not previously considered, say a two-headed person -maybe where one head has no hair and the other has some -how do we apply a term like 'bald' then? An interesting upshot, then, will be that the two definitions seem to agree on the extension of which concepts count as open-textured, because any concepts which permit the vagueness Shapiro is interested in where competent users are allowed to settle borderline cases either way (thereby satisfying OT2) will happen to have cases outwith their standard domain of application for which there is no fact of the matter (thus also satisfying OT1) by the ubiquity of the latter phenomenon. Similarly, if there is no fact of the matter regarding these non-standard cases, it would be strange to insist that a rational agent could not be free to settle it either way if we do choose to extend the cases in this direction. 4 Nonetheless, there is clearly a difference in the kind of phenomenon the two notions are intended to capture. Shapiro's definition is aimed at the broader idea which incorporates both open texture in Waismann's sense and vagueness, by focusing on the openness in the agent's settling of the hard cases. In contrast, Waismann is more concerned with the openness of new cases and potential applications which the concepts might be put to. Indeed, Waismann does compare open texture to vagueness, describing open texture as 'something like the possibility of vagueness' (Waismann 1968, 120) , which is explained as follows:
...a term like 'gold', though its actual use may not be vague, is non-exhaustive or of an open texture in that we can never fill up all the possible gaps through which a doubt may seep in. (Waismann 1968, 120) As Shapiro points out (Shapiro 2006a, 211 ), Waismann does not say much more concerning vagueness and certainly doesn't offer an account. However, I believe that I have here identified the source of the differences in the two definitions and their intended phenomena: Shapiro is interested in the sharpening of terms, with the openness to decide either way, while Waismann is concerned about how our terms apply to entirely new cases which might arise.
As a final component in setting out the nature of open texture and Waismann's definition of it, let us return to point (2) left aside above, concerning the 'the essential incompleteness of an empirical description'. Indeed, I think this will be useful in elaborating on what is meant by a domain of application. The main idea concerns how we describe and define our concepts or terms, 5 where Waismann says:
A term is defined when the sort of situation is described in which it is to be used. (Waismann 1968, 122) Waismann's idea is that the difference between complete and incomplete descriptions and definitions is crucial. A complete description exhausts all the details of its subject and a complete definition 'anticipates and settles once for all every possible question of usage' (Waismann 1968, 122) . Conversely, an incomplete description can be extended with more details that haven't previously been mentioned and an incomplete definition fails to anticipate and settle usage. Waismann's point is that most descriptions of things we find in the world will be incomplete, but even further this incompleteness will not be settled as we add further details:
[H]owever far I go, I shall never reach a point where my description will be completed: logically speaking, it is always possible to extend my description by adding some detail or other. Every description stretches, as it were, into a horizon of open possibilities: however far I go, I shall always carry this horizon with me. (Waismann 1968, 122) Similarly, according to Waismann a definition will not be able to anticipate all eventualities meaning 'the process of defining and refining an idea will go on without ever reaching a final stage' (Waismann 1968, 123) . A standard domain of application and disapplication, then, might just pick out those cases which a definition does anticipate and straightforwardly applies to, which is just to say: Bartha's 'easy cases'.
To finish, given that we are going to be investigating mathematical concepts, it is interesting to see that Waismann's main comparison for the essentially incomplete empirical terms are the concepts found in mathematics. For example, he takes the description of a triangle by giving the side lengths to be complete and discusses enumerating all possible situations in chess to leave no room for new possibilities to emerge. (Waismann 1968, 123-124) But I believe Waismann is wrong on both the claims that mathematical concepts are closed-textured and that there is no possibility in the mathematical case of new possibilities arising. Let us turn to Lakatos to see how this might be the case.
Lakatos and the open texture of mathematical concepts
In Lakatos's well-known Proofs and Refutations (Lakatos 1976) he presents a classroom dialogue about various proofs of Euler's formula, the claim that for polyhedra the following relationship holds between the number of vertices (V), edges (E) and faces (F): V − E + F = 2. After an initial proof of the claim is proposed, the students begin to find flaws in the proof and propose a whole menagerie of counterexamples, both to the general claim (known as global counterexamples) and to specific lemmas (giving local counterexamples). For example, the 'picture frame' is a cuboid with a tunnel through the centre which does not satisfy the equation, and the 'twin tetrahedra' are two tetrahedra joined together along a single edge which also falsifies the formula.
Rather than spelling the end of the theorem, though, the counterexamples reveal deep ambiguities and limitations in the concepts of polyhedron, face, edge and vertex. The dialogue proceeds through various defences of the theorem to rule out difficult counterexamples or to repair the proof in response to them, requiring ever more ingenious manoeuvring and mathematical maturity. For example, the best know response is that of 'monster-barring' which simply denies that the counterexamples fall under the concept of polyhedron at all, and offers new definitions which exclude the monstrous examples. One of the great joys of the book is that the footnotes reveal that many lines of dialogue are direct quotations from great mathematicians, and that the dialogue itself is a 'rational reconstruction' of the history of Euler's formula and the development of the relevant concepts.
Let us now connect Lakatos's ideas to Waismann's notion of open texture, a case also made by Shapiro (2006b Shapiro ( , 2013 . Recall that Waismann stated that mathematical concepts display closed texture, in contrast with empirical concepts which are open-textured. The aim now is to apply Lakatos's ideas concerning conceptual development in mathematics to show that mathematical concepts can display open texture after all. As Shapiro puts it:
[T]he notion of polyhedron exhibited what Waismann calls open-texture. This open-texture did not prevent mathematicians from working with the notion, and proving things about polyhedra. Still, at the time, it simply was not determinate whether a picture frame counts as a polyhedron. (Shapiro 2006b, 432) The point is that the dialogue gives an extensive case study of a mathematical concept which is not fully fixed and delimited. A major piece of Lakatosian terminology is that of heuristic counterexamples: examples which fall outside of the domain of application and disapplication of a concept as it stands, but show that these are too narrow because there are interesting and pertinent cases which have not been covered by the accepted definitions. The first definition of open texture in OT1 covers this same idea, so the existence of heuristic counterexamples with respect to some concept in mathematics -as seen for the concept of polyhedron -is enough to show that concept displays open texture. The second definition in OT2, concerns the freedom rational agents have to go either way on the application of the term. With respect to the heuristic counterexamples there does seem to be a rational freedom to choose different responses, as demonstrated by the characters in the dialogue. 6 Waismann takes open texture of concepts to be the result of a lack of full delimitation and definition of when a concept or term applies and disapplies. The reason he takes this to hold for empirical concepts and not mathematical concepts boils down to this. On the one side, Waismann sees empirical descriptions as never being able to anticipate all potential cases and possibilities that might arise concerning their applications. Recall:
Every description stretches, as it were, into a horizon of open possibilities: however far I go, I shall always carry this horizon with me. (Waismann 1968, 122) On the other side, Waismann suggests that this kind of endless possibility of new cases arising is not applicable to mathematics, with its strict, explicit definitions. But this is where he is mistaken, according to the Lakatosian perspective. If one restricts oneself to strict, explicit definitions and ignores the development of mathematical concepts, ideas and theories then we may be convinced about the closed texture of mathematical concepts. However, Lakatos argues that there are ongoing developments and discoveries which are driven by reasons internal to mathematics and that these are made mysterious if mathematics is thought of in this closed-textured way. Rather, the discovery of new mathematics and the maturing of its concepts is bound up with a degree of openness.
There is an important related insight alluded to above by Shapiro: that open texture does not necessarily impede mathematics, but can actually be a healthy part of its development. The closed-texture picture does not give us any insight into how new concepts are introduced, or even how our existing ones are generalised, expanded, adapted etc. On the other hand, acknowledging that the concepts of mathematics are open-textured is theoretically helpful in talking about the development of mathematical ideas. Nonetheless, the open texture of mathematical concepts still allows that in particular domains the concepts are stable enough for them to be used coherently, such that the deductive nature of mathematics is not thrown into turmoil by constant shifts in meaning.
Shapiro also brings out the connection between Waismann and Lakatos concerning the questions surrounding the identity of concepts. In the dialogue we find one character say:
The impact of proofs and refutations on naive concepts is much more revolutionary than that: they erase the crucial naive concepts completely and replace them by proof-generated concepts. (Lakatos 1976, 89-90) There are then two possibilities: either that the concepts are replaced with entirely different concepts, or else that they are revised, developed and extended in a way that is consistent with them being fundamentally the same concept. The suggestion in this quote that mathematics involves repeated replacement of concepts fits poorly with the picture I outlined in the previous paragraph, although the dialogue form leaves it somewhat unclear whether this quote is Lakatos's view on the matter. Shapiro believes that the Waismannian answers to these questions are best:
I submit that the wise course is to follow Waismann and suggest that the very question of what, exactly, goes into the original, pre-theoretic notions is to operate with 'too blurred' an expression. One can perhaps claim, now, that the final, austere set-theoretic definition of 'polyhedron' [...] is not subject to open texture. Its boundaries are as determinate as one could wish [...] But this is not to say that the original, pre-theoretic notion of 'polyhedron' was similarly determinate, nor is it to say that the pre-theoretic notion (or notions) exactly matched the formal definition. (Shapiro 2013, 168) I will return to this point about the relationship between everyday mathematical concepts and their set-theoretic counterparts later in Section 5.
Let's note that Schlimm (2012) and Bartha (2010) also discuss Lakatos in terms connected to Waismann's notion of open texture. Schlimm's central thesis is that we should be pluralists about mathematical concepts, accepting both Fregean and Lakatosian concepts in mathematics. These are summarised as follows:
According to the first, concepts are definite and fixed; in contrast, according to the second notion they are open and subject to modifications. (Schlimm 2012, 128) The difference here clearly matches the difference as I have been deploying it between Lakatos's dynamic, dialectical approach and the more traditional, static approach. The characterisation of Lakatosian concepts is as 'subject to modifications' and 'fluid' (Schlimm 2012, 43) , which is not quite open texture by either of the definitions we have seen above. However, Schlimm does discuss the term 'open-textured' with reference to Bartha's work and Bartha, in turn, applies the framework explicitly to Lakatos:
Very similar observations apply to mathematics. There are open-textured mathematical concepts. Lakatos (1976) famously reconstructs the reasoning that leads us to include or exclude certain objects from the category of regular polyhedra. Here, too, open-textured concepts are the ones under investigation. (Bartha 2010, 10) Bartha's ultimate point is one about the role of analogy in reasoning and argumentation, which we may set aside. Nonetheless, this is another recognition of the close proximity between Waismann's open texture and Lakatos's ideas on mathematical concepts.
On safe spaces for mathematical concepts
Now that we have seen that mathematical concepts can be open-textured, this paves the way for us to apply the insights from conceptual engineering. Having argued the case that mathematical concepts may be dynamic and open to revision and development, we can draw on the tools of conceptual engineering to guide and evaluate this process. In this section, I will be applying a particular aspect of Cappelen's account of conceptual engineering to investigate the extent to which we are in control of the mathematical concepts we want to be engineering.
In Cappelen (forthcoming, Chapter 7) argues that the processes involved in conceptual engineering are inscrutable and out of control. In particular, 'the detailed mechanisms that underpin particular instances of conceptual engineering are too complex, messy, non-systematic, amorphous, and unstable for us to fully grasp or understand' (Cappelen, forthcoming, Section 7.1) and that hereby we would be mistaken to think that any individual or group has the power to control the development of concepts in any substantial way. An important corollary of these that Cappelen argues for is that there are no safe spaces where we are in control of the concepts we use or the meanings of our terms. 7 Cappelen points to the large number of phenomena that affect meanings that have been catalogued in his book, not just intentional conceptual engineering but also semantic drift, semantic plasticity, messy stipulations, expert opinions, scientific reclassifications and explications, etc. All of these can lead to flux or uncertainty in the concepts we possess in ways that cannot be accurately predicted. To the list we can add the open texture of concepts: if concepts are only properly 7 An interesting observation is how reminiscent Cappelen's introduction of the lack of safe spaces is to Lakatos's assertion that the dogmatist constantly retreats to safer ground in response to sceptical arguments. Compare 'In the case of conceptual engineering, it often takes the form of the idea that there are safe spaces we can retreat to where we really do have control over the meaning of our terms.' (Cappelen, forthcoming, Section 7.4) to the introduction to Lakatos (1976) .
delimited for a specific domain of application, this does not point to us being in control of them in general. 8 Such a conclusion does contrast with what Blackburn had in mind for the process of conceptual engineering, when deploying one of the early uses of the term:
I would prefer to introduce myself as doing conceptual engineering. For just as the engineer studies the structure of material things, so the philosopher studies the structure of thought. Understanding the structure involves seeing how parts function and how they interconnect. It means knowing what would happen for better or worse if changes were made. This is what we aim at when we investigate the structures that shape our view of the world. Our concepts or ideas form the mental housing in which we live. We may end up proud of the structures we have built. Or we may believe that they need dismantling and starting afresh. But first, we have to know what they are. (Blackburn 1999, 1) Cappelen's arguments, as well as the ubiquitous presence of open texture in our concepts, dispels the idea that we can first analyse what our concepts are and only then begin with a project of conceptual engineering. The moral is that if we wait to have definite control, or to have established a safe space, then we will never even begin the second stage of taking an active role in our dynamic conceptual repertoire. This links to Cappelen's third principle, that despite the messiness of conceptual engineering we should keep trying and not be deterred in our efforts to improve and refine our concepts.
In establishing that there are no safe spaces for concepts where we do have control over the meanings of our terms, Cappelen addresses a potential counterexample that such spaces do exist. In particular, in a legal setting, it appears that judges often do take control over how important terms are to be interpreted, and what falls in the extension of a particular term. The toy example (simplified from reality) he gives is of courts interpreting 'person' to include corporations in its extension. If this is right, the objection goes, then there are instances where we can take control of our concepts and so the 'Lack of Control' picture Cappelen has given is wrong.
Cappelen responds that this is the incorrect interpretation of what is going on in such a case. It is not that the courts have been able to control the meaning of the term 'person', but rather that a court has sufficient power to force people to misinterpret a particular term What has happened is that they've made/forced certain people to misinterpret sentences containing 'person'. The US supreme court or any other group can no more change the meaning of 'person' than I can. They can make proposals. The difference between the legal system and me is that they have police power to back up their proposals -so even if it's an idiotic proposal, they can force people to act as if it were true. If I had a private army I could do the same to a group of people: I could get them to act as if 'pig' means 'dog', but that doesn't change the meaning of 'pig'. (Cappelen, forthcoming, Section 7.4) This seems all well and good for the case at hand. However, I would now like to turn to another potential counterexample of a safe space where there is the strong inclination that we do have control over meanings or concepts: mathematics.
In the case of mathematics, there is a standard methodology for introducing new concepts and defining how new terms are to be used. Definitions are made explicitly, and in terms of known concepts, terminology and notation. The long-running project of ensuring rigour in mathematics means that mathematicians are in general careful to make their definitions as precise and perspicuous as possible. For example, consider the definition of a metric space:
Definition: A metric space is an ordered pair (S, d) such that S is a set and d is a distance function on that set, where for all x, y, z ∈ S:
The notions this relies on are well-known ones, and the definition is explicit in telling us what properties the distance function needs to have. It can be argued, then, that the many phenomena that make regular terms and concepts hard to pin down are not going to show up in the tightly-controlled space of mathematics. Mathematical terms can be defined with precision and their meanings communicated clearly. There are some obvious controls on this, such as consistency with standard terminology, which mean that we still don't have complete freedom. For example, we are not free to define existing terms in totally unrelated ways (so as to avoid unwanted ambiguity). Nonetheless, mathematics can be argued in this way to be a conceptual safe space where we do have a great deal of control to introduce new terminology and decide what it means.
The difference between the mathematical realm and Cappelen's preferred examples is that the community of mathematicians is significantly smaller than the more general communities using everyday concepts or terms. Cappelen states that a philosophy paper does not have the power to enforce their definition of 'intuition', for example, since Saying you want a word to mean something doesn't make it so. What you say, using that word, is governed by what the word means, not by what you said it meant. (Cappelen, forthcoming, Section 7.4) In contrast, following only a handful of conventions, a mathematician can and regularly does introduce new concepts and terms. If someone were to insist that a metric space doesn't satisfy the triangle inequality (the last property on the definition) then I have the weight of the mathematical community behind me to say they are wrong. Conversely, I could define a new structure that drops the triangle inequality and call it a 'schmetric space', and it would be well-defined and treatable in the standard mathematical ways. Such a switch, though, does mean that the subject is changed. Importantly, what words mean is protected in mathematics, and the freedom one has to define terms is well-regulated. The size of the community is important because everyday concepts can be interrupted by all kinds of phenomena due to the massively shared ownership of language, but in mathematics, part of being a mathematicians is that one is using the core concepts in the right way and the right way involves the strict, explicit definitions.
However, I don't believe this is quite correct. While the argument does show that there is an unusually high level of control for mathematics, in line with the level of precision and rigour often required in the discipline, this does not result in mathematics being a safe space where we have full control. The picture of mathematics as being entirely free from the normal complexities of language is an illusion. Let me argue this point now.
First of all, we can bring to bear the above considerations of open texture in mathematics. Shapiro brought out the point from Lakatos that mathematical concepts can be open textured and that an important part of the development and evolution of mathematical concepts involves responding to new ideas and questions about them. The dialogue in Proofs and Refutations provides examples where a definition is seemingly robust, only to find that it fails to be clear for a range of cases. No individual in the dialogue has control over the concepts they are discussing (polyhedron, edge, vertex, face etc.), nor do they collectively have the power to establish the meanings of their terms due to the high level of disagreement and their differing prior notions of what does and does not fall under the concept of polyhedron. This paints the opposite picture: that mathematics is far from a safe space after all. The dialectical account of mathematics that Lakatos offers rests on the idea that concepts have the flexibility to change through our practices, and this flexibility stands directly against the strong picture of security above.
A standard move in the literature is to separate between the context of discovery and the context of justification. The idea is that mathematics is separated into a realm of intuitive and informal mathematics for creative thinking and discovery, and a formal and rigorous realm for ensuring results are fully justified. As Hersh puts it (using the metaphor of a 'frontstage' and 'backstage'):
Compared to 'backstage' mathematics, 'front' mathematics is formal, precise, ordered and abstract. It is separated clearly into definitions, theorems, and remarks. To every question there is an answer, or at least, a conspicuous label: 'open question'. [...] Compared to 'front' mathematics, mathematics 'in back' is fragmentary, informal, intuitive, tentative. We try this or that, we say 'maybe' or 'it looks like'. (Hersh 1991, 128) It could then be argued that the Lakatosian point is limited to the context of discovery and that the safe space of mathematics is by definition carefully curated, so must refer only to the context of justification and thereby exclude the phenomena like open texture. However, this can be interpreted as another retreat and a shrinking of the safe space to only include mathematics in the context of justification. Even then, though, there is a great deal to say against this having identified a conceptual safe haven. Lakatos himself is rejecting the 'Euclidean' ideal of there being some secure safe space that can be set apart from how mathematics is discovered, though evaluating this aspect of his programme would take us too far afield. The salient point can be made more easily, though. Consider Raman-Sundström's analysis of the history of the mathematical concept of compactness in Raman-Sundström (2015) . She examines how different notions of compactness evolved and developed over time, and contrasts differing proposed definitions. Her conclusion tells us:
The story of how open-cover compactness came to be seen as the right one is a story of developing mathematics without always knowing where it was going, how important terms should be defined, and how widely they might be applied. (Raman-Sundström 2015, 633) Crucially, the various concepts of compactness are all given standard mathematical definitions, up to the same standard as 'metric space' above. Much of the work done on these would fall into the kind of published work that would fall under the context of justification, if such a distinction can be made substantial. Nonetheless, Raman-Sundström's discussion shows that this did not hinder the fact that the concept of compactness was evolving and developing, in line with the above arguments for the open texture of mathematics. Note also that what is considered the 'right' definition is only with respect to current practice; the open texture for mathematical concepts would suggest that this will not necessarily remain so.
A further response to mathematics being a safe space immune to the vagueness and complexity of natural language phenomena is that this is demonstrably not so. For example, there is the issue of semantic contamination, where terms which have both a natural language and a mathematical meaning have their natural language meanings affect how they are understood when they are being used in mathematics. Several studies have been carried out into the issue of semantic contamination in mathematics and these show that this does regularly occur (Tall and Vinner 1981; Pimm 1987; Monaghan 1991; Schleppegrell 2007 ; Mejía-Ramos and Inglis 2010). For instance, Monaghan's examples concern terms relating to convergence, such as 'tends to', 'approaches', 'limit' and 'converges', and he demonstrates that students let their natural language understanding of these terms affect how they understand the mathematical terms. Meanwhile, Mejía-Ramos and Inglis show that students respond differently to mathematical argument evaluation tasks depending on whether mathematical proof is referred to in noun or verb form (i.e. the difference between 'give a proof that' and 'prove that'). They show that the noun version is more readily associated with an understanding of proof as a valid argument, whereas the verb version connected more closely to an argument which is convincing. As another example, a similar effect of semantic contamination was observed in Martin and Pease (2013) in their study of online mathematical collaboration in the third mini-polymath. The problem being considered involved a line rotating around various points in the plane, which participants termed a 'windmill'. However, Martin and Pease observe:
In the early stages of understanding the problem, a number of participants were misled by the use of the term 'windmill' to think of the rotating line as a half-line, a misunderstanding that led to counterexamples to the result they were asked to prove. (Martin and Pease 2013, 109) This occurred despite the problem being set out clearly in the usual mathematical style. Once again, mathematics does not seem to be isolated from the messy phenomena of natural language.
The point I am arguing is that semantic contamination in mathematics can be used to show that mathematics is not a conceptual safe space where there is full control of concepts and meanings of terms, so despite appearances mathematics does not provide a counterexample to Cappe-len's claims. However, there is a potential objection to be had here: the cases I have examined of semantic contamination are explicitly studies of students' understanding, or found in early stages of getting to grips with a problem such as in the case of the 'windmill', but this does not provide any material against the claim that professional mathematicians can definitively control their concepts without such confusions providing any systematic conceptual problems or terminological ambiguities. In the next section, I will argue that even in research mathematics these problems will manifest themselves.
Haslanger's manifest and operative concept distinction applied to mathematics
Haslanger's ameliorative project is one of the main cases of conceptual engineering, in that constructing new concepts is shown to be part of the process of bringing about social justice. For now, though, I want to pick out just one distinction which Haslanger makes frequent use of, such as in Haslanger (2006 Haslanger ( , 2012 : the distinction between manifest and operative concepts. The insight underlying it is that the concepts that we deploy in our practices do not always align with the concepts we take ourselves to be deploying. The manifest concept is that which we take ourselves to be using or working with, while the operative concept is that which we are actually putting into practice.
There are two main purposes to using Haslanger's distinction. The first is to support the argument of the previous section: that mathematics does not provide a safe space for concepts, even when restricted to the just the context of justification and professional mathematicians. The second is to illustrate the broader idea that I am pushing for in this paper: that the resources of projects in conceptual engineering can and should be applied to the case of mathematical concepts.
Many examples are used to give substance to it actually being rather common in practice for manifest and operative concepts to part ways. In (Haslanger 2005 ) the example is of what counts as being late to school (or 'tardy'), with the difference between the official school policy and its practical implementation providing two different concepts. Haslanger (2006, 99-100) uses the example of what counts as a parent, with the concept splitting between a manifest concept being the biological parents, and the operative concept of primary care-giver. The intended application, though, is to the concepts related to social justice: [W] e debunk the idea of Woman's Nature and find two concepts at work: The manifest concept of Woman's Nature -understood as defining what women are by nature in traditional terms -is an illusion; the operative concept being masked by it is constitutively constructed in terms of men's (socially conditioned) sexual responses. (Haslanger 2012, 93-94) I will now make use of this distinction in examining the concepts of mathematics. 9 We might think that the relationship between informal mathematical concepts and formalisations thereof follows the manifest vs. operative distinction in the following way. Formal definitions and definitions in axiomatic systems can be seen as useful for a number of reasons, such as their relative exactness, investigating foundations for mathematics, unifying systems, computational mathematics, metamathematics etc. The work of figures such as Frege, Russell, Whitehead and Hilbert (plus many others besides) demonstrated that large-scale formalisation was possible. A favourite point of Azzouni's is to emphasise the widespread success of Frege's project and that of Russell and Whitehead's Principia Mathematica in their translational endeavours, contrary to popular opinion (e.g. Azzouni 2005 Azzouni , 19, 2009 . The point being that the failure of naïve comprehension does not take away from much of the successful formalisation that went on. As such, it is not surprising to find that it is commonly held that these are ultimately what mathematical concepts pick out. On the other hand, the way we learn mathematics is very much about being inducted into particular mathematical practices, which lead more naturally to the informal concepts. As such, the operative concepts which we learn through mathematics education do not necessarily coincide with the manifest concepts which mathematicians might take themselves to be using.
To make this more concrete, let us look at an example: set-theoretic foundations. Declarations to the effect that mathematics is at its core just set theory are ubiquitous in mathematics and philosophy of mathematics, especially as espoused by mathematicians themselves. Here are some samples (though opening up a random selection of set theory textbooks will be enough to furnish you with others):
[T]he mathematicians identify the natural numbers with the finite von Neumann ordinals. So, contrary to received wisdom, I suggest that philosophers follow 9 There are further complexities involved in drawing this distinction, such as how it relates to semantic externalism. One potential problem is that externalism might indicate that there is no manifest concept after all. Haslanger discusses this at length in Haslanger (2006) and I think her conclusions can be relied on here. In fact, it might even be that mathematics has an easier time in holding on to the distinction because the concepts I will argue below are the manifest ones of mathematics have in most cases received rigorous mathematical articulation and treatment.
mathematical practice and identify the natural numbers with the finite von Neumann ordinals. [...] Numbers are sets. (Steinhart 2002, 356) and All branches of mathematics are developed, consciously or unconsciously, in set theory or some part of it. (Levy 1979, 3) and Set theory is the foundation of mathematics. All mathematical concepts are defined in terms of the primitive notions of set and membership. In axiomatic set theory we formulate a few simple axioms about these primitive notions [...] From such axioms, all known mathematics may be derived. (Kunen 1980, xi) and All this is in stark contrast to what we now regard as the answer to the question what mathematical entities exist? The working practitioner of classical mathematics can answer the question with one word -sets. Every mathematical entity is a set and all sets are objects, some of them being infinite objects. (Clark 2009, 347) and [M] athematical objects (such as numbers and differentiable functions) can be defined to be certain sets. And the theorems of mathematics (such as the fundamental theorem of calculus) then can be viewed as statements about sets. (Enderton 1977, 10) Or slightly more cautiously:
[A]xiomatic set theory is often viewed as a foundation of mathematics: it is alleged that all mathematical objects are sets, and their properties can be derived from the relatively few and elegant axioms about sets. Nothing so simple-minded can be quite true, but there is little doubt that in standard, current mathematical practice, 'making a notion precise' is essentially synonymous with 'defining it in set theory'. Set theory is the official language of mathematics, just as mathematics is the official language of science. (Moschovakis 2006, vii) While so many quotes might seem a little excessive, I want to emphasise that this is how the situation is presented by the above authors, and that such views are common. The manifest concepts of mathematics are of sets and set theory. However, in practice most mathematicians are not working on set theory. In the Levy quote above he even says as much with the admission that the set theory supposedly underlying all mathematics might be unconscious. 10 The operative concepts will vary with the situation and who is deploying them, of course, but I contend that frequently these will come apart from the manifest, set-theoretic concepts. There is a traditional exemplification of the manifest and operative concepts I have just described coming apart, that found in Benacerraf (1965) . With the excellent story of two children educated by 'militant logicists' to truly believe that all mathematics boils down to set theory, Benacerraf shows how quickly problems can arise. For the children have been taught different set-theoretic representations of the natural numbers: one knows the von Neumann ordinals, the other the Zermelo ordinals. There are then examples of theorems for one of the children which are false for the other, such as 3 ∈ 17 or whether any nmembered set can be put into one-one correspondence with the set n itself. Importantly for my purposes, these issues can't be resolved by asking other people:
Attempts to settle this by asking ordinary folk (who had been dealing with numbers as numbers for a long time) understandably brought only blank stares. (Benacerraf 1965, 54) Why is this so understandable? Because it is common knowledge that, while the orthodox foundationalism declares that all mathematics reduces to set theory, this is simply not what is found in practice. Not just that, but the manifest concepts of the foundational picture come apart from the operative concepts in direct mathematical ways, as claims about the membership relation holding between numbers don't even make sense unless you are working directly with sets. Now, it could be argued that the two representations are not on equal footing. Steinhart, for instance, in Steinhart (2002) argues for the unique correctness of the von Neumann representation by what is essentially monster-barring, inventing additional demands and conditions on the concept of number which would give Lakatos a field day. Even still, this does not undermine the fact that those not separately trained in set theory would be baffled about statements of the form 3 ∈ 17.
To extend the example somewhat further, observe that representing numbers in set theory is a straightforward and well-known construction. But many of the claims about set-theoretic reductions talk of almost all of mathematics, which includes a huge deal more. If we consider as an example low-dimensional topology, explored excellently in de Toffoli and Giardino (2014), it seems likely that the mathematicians working in this area do not know any actual set-theoretic construction corresponding to their concepts, so even if they were to agree to the claim that mathematics is founded in set theory, this would not be reflected in their operative concepts. However, even if we were to find those who did happen to know how to translate the main concepts into set theory, de Toffoli and Giardino demonstrate that the kind of operations licenced by the topological concepts are often visual, diagrammatic and manipulative (in a tactile sense) -far removed from those which one would find in the setting of set theory. So the operative concepts, i.e. the concepts as employed in practice, are frequently not set-theoretical.
A potential objection to the above is that, while the ZFC set-theoretic foundations very much give the traditional idea of the concepts underlying mathematics, they are not the only option available. Other well-known options include category theory (see Landry and Marquis 2005) , homotopy type theory (as in The Univalent Foundations Program 2013), or indeed Quine's New Foundations (exemplified in Rosser (1953) , and discussed in Morris (2017) ). As such, there is the concern that what I have above claimed are the manifest concepts of mathematics are not unanimously agreed upon as the concepts we take ourselves to be using. With a plurality of proposed foundations there comes a plurality of choices for the manifest concepts, but that does not seem to fit with the idea that the manifest concepts are those we take ourselves to be using. However, in response, there are two reasons to believe that this is not so problematic for the distinction as I have applied it above. Firstly, Haslanger's distinction between manifest and operative concepts does not require unanimous agreement on the concepts we take ourselves to be using. Of course, there needs to some shared social component to the concepts in question, as Haslanger's point is one about the social construction of concepts, but this does not require the stronger condition of everyone having to be in agreement. Indeed, Haslanger explicitly says as much:
However, if one is sensitive to the possibility that in any actual circumstance there are competing meanings (often quite explicit) that structure alternative practices, then it seems worth considering a broad range of speakers, who are differently situated with respect to the phenomenon. [.. .] Yet we should keep in mind that 'our' concept may not be univocal; in our haste to find a univocal concept we may obscure how the concept works in a complex social context. (Haslanger 2005, 16) The same will apply to mathematics, where the alternative proposals bring with them alternative practices. As it stands, the ZFC framework is the dominant practice, and so the manifest/operative distinction can be applied as above, but they also provide a recipe for applying the distinction analogously for the alternative proposals. This brings us to the second point, which is that the various options still have a great deal in common in their perspectives on formalisation of mathematics. While they might disagree over which framework provides the most natural representation of various mathematical concepts, in the current state of play the manifest/operative distinction will apply to all of them.
In conclusion, we have seen that there is a separation between manifest and operative concepts in professional mathematics. This completes the argument for the claims made in the previous section: that mathematics is not a conceptual safe space, and that the messy complexities of natural language are at work here too. In making this case, I have also outlined a more general picture of the kinds of complexities involved in mathematics, involving open texture, semantic contamination and manifest/operative concept confusions.
Looking forward: conceptual engineering for mathematical concepts
I want to now discuss what mathematics gains from the conceptual engineering perspective and some questions that need to be engaged with to see the project of applying conceptual engineering to mathematics through.
The most pressing question is: what is the purpose of bringing the tools of conceptual engineering to bear on mathematics? The answer that I have been building throughout this paper is that conceptual engineering gives us new theoretical distinctions to approach and describe the development and change of concepts that is occurring anyway. I have shown that discussions of open texture, safe spaces, and manifest and operative concepts apply naturally to the mathematical realm. The Lakatosian perspective put forward in Proofs and Refutations is often seen as an isolated phenomenon, or limited to the context of discovery alone, but we have seen that there are a wide range of complexities involved in mathematical concepts. Conceptual engineering brings together the kinds of approaches that have substantial things to say about such complexities.
The previous section ended on a somewhat negative note: that there is a difference between manifest and operative concepts in mathematics which demonstrates that the conceptual safe space of mathematics isn't so safe after all. Such an accusation of conceptual confusion is a rather serious one, not made lightly. However, we should not forget the lesson from the discussion of open texture, namely that such problems don't interfere with much of the usual practice of mathematics. We saw with the definition of a metric space that there is an unusually high degree of control in the realm of mathematics. As such, Cappelen's Keep Trying mantra is particularly applicable. The restricted scope of mathematics means that efforts are more likely to succeed; one just needs to look at the mathematical richness that has come out of the foundationalist project to see the benefits.
Other important questions that will need to be addressed going forward concern the normativity of conceptual engineering and the defects in concepts we are trying to fix with it. The methodology is mainly aimed at identifying defective concepts and replacing or improving them, so we should spend time on what kinds of defects are motivating us. It could be like the concept of truth, where inconsistency is the motivating issue, because inconsistency is generally thought to be bad for mathematics. But there are other candidates too, like the indeterminacy of the concept of polyhedron. Other mathematical concepts might be defective by being uninteresting, unfruitful or over-complicated. All of these seem to be worth consideration and worth the effort to do better conceptually, including for the sake of the mathematics it can lead to. A simple example is the decision to exclude 1 from being a prime number for the sake of the prime factorisation theorem. A more complex example is the ongoing debate between advocates of a single universe of sets (Woodin 2011) and the multiverse perspective (Hamkins 2012) , where each has fruitful mathematical consequences. (It is this latter case study that I will turn to next.) Assessing the shortcomings of given concepts and improving them might thus be mathematically important too.
We might also ask what contexts or domains a given mathematical concept needs to have an improvement engineered for. It may be that engineering in mathematics should be unrestricted to maintain the unity of the discipline. On the other hand, we may want to engineer new mathematical concepts only to be used in particular technical contexts, following the model of Scharp's dual replacements for truth in Scharp (2013) . He doesn't insist that the complex logical workings of his semantics for replacement concepts for truth are understood or even known by everyone who would use the concept of truth, just that they are available in case we need them. Analogously, a similar approach could be taken to the difference between the usual concepts of mathematics and their set-theoretic or formal representations, as was discussed above with respect to Haslanger's distinction.
Let me now return to set theory to show the benefits of using the above considerations about conceptual engineering as part of an ongoing debate in the philosophy of mathematics.
The concept of set: one or many?
Thus far I have been arguing that we can benefit a great deal from applying the techniques and theoretical distinctions from conceptual engineering to mathematical concepts. In a sense, what I have been proposing is to see conceptual engineering as part and parcel of mathematics; that the history of many of the central concepts of mathematics reveals that they were developed in response to their predecessor-concepts being found to be defective in one way or another, and mathematicians intentionally developing replacements. For example, in Scharp and Shapiro (2017) they describe the replacement of the naive notion of convergence, which relies on inconsistent uses of infinitesimals, with the two distinct notions of pointwise and uniform convergence. Similarly, Raman-Sundström's history of the concept of compactness (Raman-Sundström 2015) shows that opencover compactness replaced the earlier concept of sequential compactness because the latter was insufficiently general. Nonetheless, such historical cases may not fully convey the need for modern mathematics and philosophy of mathematics to connect to conceptual engineering.
In this section, I will propose a more active role for conceptual engineering in a very current debate in the philosophy of set theory. The debate concerns whether there is a single universe of sets or whether there are many such universes, positions respectively associated with Woodin, such as in Woodin (2011), and Hamkins (2012) . We call the former the Universe view and the latter the Multiverse view, although the debate is also characterised by Koellner (2013) as being between the pluralist and non-pluralist positions. While in the space here I cannot hope to resolve the debate, I will argue that the best hope for a resolution is through the active deployment of the tools of conceptual engineering and I shall indicate the direction that such an undertaking should go.
Let us begin with some background and an outline of the debate, though for our current purposes I will avoid getting into the wealth of technical details underlying it and will not presuppose much in the way of background.
Modern set theory broadly takes the axioms of ZFC (for Zermelo-Fraenkel set theory with the Axiom of Choice) as its basic system, where this is intended to encode the concepts of set and membership. These axioms were developed partly as an attempt at giving a consistent account of set theory, and thereby a consistent foundation for mathematics, after paradoxes rocked the earlier logicist attempt by Frege. One of guiding questions of set theory since Cantor is about the Continuum Hypothesis (CH), which is the claim that there exists no infinite cardinal number strictly between the cardinality of the integers and the cardinality of the continuum. As it turns out, this is independent of the axioms of ZFC; Gödel showed in 1940 that CH could consistently be added to ZFC, while Cohen showed in the 1960s that we could also construct a model satisfying ZFC and the negation of CH. The method underlying Cohen's work is called forcing, which is used to systematically transform one model of ZFC into another, and remains a central tool in set theory today, revealing many intricacies and relationships between different models of set theory. This sets the stage for the current debate.
The Universe view is that there is a single background concept of set, which is unique and absolute. On this picture, statements of mathematics and in particular set theory do have determinate truth values, being either true or false of the actual concept of set. As such, independence phenomena such as the independence of the continuum hypothesis from the axioms of ZFC, indicate that we need to further our search for additional, plausible or natural axioms which will decide such statements. The main project aimed at carrying this out is Woodin's search via the Inner Model Programme for Ultimate-L, which is a particular model of set theory which would have certain remarkable and surprising features which Woodin holds will indicate that this is the correct concept of set. The idea would be that adding a new axiom stating the universe of sets V is equal to Ultimate-L would resolve the major questions such as the Continuum Hypothesis. As such, the central argument for the Universe view draws on mathematical results as a way to get insights into the absolute background concept of set, as described by Woodin thus:
A far stronger view [...] which I also currently hold [...] , is that there must be such an axiom [that the universe of sets is Ultimate-L] and in understanding it we will understand why it is essentially unique and therefore true. Further this new axiom will in a transparent fashion both settle the classical questions of combinatorial set theory where to date independence has been the rule and explain the large cardinal hierarchy. [...] In other words, we would have come to a conception of the transfinite universe which is as clear and unambiguous as our conception of the fragment V ω , the universe of the finite integers. (Woodin 2011, 17) As an important corollary, whichever such universe of sets the new axiom picks out would provide a definite answer on claims such as the Continuum Hypothesis. For further details on Woodin's project, see the excellent description in Rittberg (2015) .
In contrast, the Multiverse view defended by Hamkins is that there are many diverse and different concepts of set, where each one is associated with a particular model of set theory. The central arguments for this view draw on (1) the existence of diverse and different models of set theory, and (2) the practical experience set theorists have in dealing with them. Hamkins argues that key methods in set theory, such as forcing, are best interpreted as giving ways of moving between different universes of set theory. He says:
Our most powerful set-theoretic tools, such as forcing, ultrapowers and canonical inner models, are most naturally and directly understood as methods of constructing alternative set-theoretic universes. A large part of set theory over the past half-century has been about constructing as many different models of set theory as possible, often to exhibit precise features or to have specific relationships with other models. (Hamkins 2012, 3) He argues that the ways that set theorists go about practicing set theory involve seeing themselves as moving between different models, something which can be seen even in the diagrams commonly used in set theory which show different models side-by-side. The idea of the multiverse view is to take these different models of set theory seriously, and to see each one as associated with a distinct concept of set:
The multiverse view explains our mathematical experience with these models by positing that, indeed, these alternative universes exist, just as they seem to exist, with a full mathematical existence, fully as real as the universe under the universe view. Thus, in our mathematical experience the classical set concept splinters into a diverse array of parallel set concepts, and there seems little reason to think that we have discovered more than a tiny part of the multiverse. (Hamkins 2012, 4) Finally, the perspective on the continuum hypothesis that Hamkins argues this delivers is that we won't settle it absolutely one way or the other, but instead have arrived at a deeper understanding of its place in different models of set theory, and therefore how it fits into the broader multiverse of set concepts.
I won't try to settle this debate here. What is important to recognise, though, is that the debate is explicitly about the concept of set: the Universe view holds that there is an absolute background concept of set which we are trying to pin down, while the Multiverse view is that there are many set concepts, all extensionally identified with the different models of set theory. As such, my proposal is that the way forward in this debate is to see this as a case where we must actively engage in conceptual engineering. This will be explored in the remainder of this section. The plan is to sequentially run through the relevant questions about how to apply conceptual engineering from the previous section, and examine how they work in the debate about set theory.
To begin, we can make use of the conceptual engineering terminology from above to give a fresh angle on this debate. For instance, we can observe that the richness of set theory and the many different models it has was not something anticipated by the early practitioners, and many of the major questions now would be alien to Cantor or Zermelo. This would appear to fit with seeing the concept of set as open-textured, at least prior to some of the modern developments. On the definition OT1, this may be slightly controversial because the question of which objects count as sets, and whether this answer has a unique and absolute answer, is the issue at stake in the universe vs. multiverse debate. However, the phenomena of unanticipated questions and essential incompleteness which affect the fundamentals of the delineation of where a concept begins and ends, as is crucial in Waismann's examples of open texture, are clearly present in the development of modern set theory. Shapiro's OT2 is more straightforwardly applicable, as Woodin and Hamkins demonstrate that competent, rational agents can disagree on the concept of set. The payoff for thinking about the concept of set in these terms is that it sees the ongoing debate as between rival descriptions of current set theory, but the openness reveals that we can take a more active role in deciding what we want the concepts to be doing for us and fix them to achieve our own ends.
The well-rehearsed story of the naive concept of set, as associated with naive comprehension and Frege's Basic Law V, tells us how Russell's paradox implies that this concept of set is inconsistent. This tale is covered by Scharp and Shapiro (2017) , and is used as an example of a defective concept where a replacement strategy could be deployed. Interestingly, the more modern concept(s) of set at the centre of the current debate will (probably) not be defective in the same way. However, I believe that the debate does indicate that there is a defect of ambiguity in the concept of set, since major figures in set theory cannot agree on whether the concept picks out a single thing or infinitely many. 11 Of course, this would not be so if the debate were easily resolved. However, it does not seem as though it could be, for the kind of support the two opposing positions draw on is not straightforwardly comparable: the Universe view is supported by a particular mathematical programme founded on the search for a single absolute concept of set, while the Multiverse view is supported by both the model-theoretic multitude and the practical experience of working with different models of set theory. Furthermore, both views have been mathematically fruitful, connecting to Woodin's many results in the Inner 11 Indeed, a proper class of them.
Model Programme on one hand, and Hamkins and Löwe's modal logic of forcing (Hamkins and Löwe 2008) and the set-theoretic geology project (Reitz 2007) on the other. 12 However, the ambiguity of the concept at the heart of the debate is deeply unsatisfying and revising or replacing such a defective concept should be a top priority.
The response that we favour as conceptual engineers is to explicitly recognise that this is a conceptual defect, and to offer better revisions or replacements which satisfy the aims we have for the concept. To do so requires an analysis of what the aims actually are for the concept of set and for set theory. Fortunately, there is work in this direction, such as in Maddy (2017) where Maddy evaluates various aims of set-theoretic foundations and contrasts the success of the Universe view, different Multiverse views and Category Theory with respect to these goals. 13 According to Maddy, the primary goals include (see Maddy 2017, 317 ):
• Metamathematical Corral To 'allow for meta-mathematical consideration of the whole expanse of that vast subject at once'.
• Elucidation To 'provide the conceptual resources and construction techniques to clarify old mathematical notions in order to take on new demands'.
• Risk Assessment To provide a scale of consistency strength (such as using the hierarchy of large cardinals).
• Shared Standard To 'serve as a benchmark of mathematical proof'.
• Generous Arena To give 'a framework in which the various branches of mathematics appear side-by-side, so that results, methods and resources can be pooled'.
Setting out what we want from the concept(s) of set is the first stage towards engineering the mathematical concept or concepts that will best suit these ends. It also allows us to engage in debate as to the importance of the various goals that have been set out; for example, I have argued firmly against Shared Standard in Tanswell (2015) and against 12 We should be careful to not confuse the chronology of the latter though; the modal logic of forcing and set theoretic geology were precursors to Hamkins's arguments for the Multiverse view. 13 Indeed, I will happily claim Maddy's work here as part of the conceptual engineering approach to the debate. For example, she says:
As far as meanings and concepts go, I personally doubt there's a fact of the matter about what is or isn't part of the current meaning/concept of set, but even if there were, and even if it didn't settle CH, we'd be perfectly free to decide that there's good reason to move on to an enhanced meaning/concept that does (Maddy 2017, 48) . The choice between a universe approach and a multiverse approach is justified to the extent that it facilitates our set-theoretic goals (Maddy 2017, 49) .
Metamathematical Corral in Tanswell (2016a) . Furthermore, the above considerations about the difference between manifest and operative concepts in mathematics seem to undermine Generous Arena. Nonetheless, the main point is that the assessment and evaluation of these aims will be a key step in knowing the design parameters for the ultimate concept or concepts of set that we want to end up with. The last set of questions in applying conceptual engineering to set theory concern the range of contexts for which we need to revise or replace the concept of set. An important consideration for this comes from above: if there is a substantial manifest/operative distinction between the settheoretic foundations and the everyday concepts of mathematics, as I argued, then the resolution of the universe/multiverse debate will have little direct importance for most of mathematics as it stands now. This might open space for the strategy of Scharp (2013) , replacing the concept of set only in the restricted setting of certain set-theoretic projects, or when the goals Maddy outlined above are salient, but letting more informal notions of set continue on in wider mathematical applications. Alternatively, one could argue for a massive replacement of the concept of set across mathematical contexts to better suit the needs we have. In certain respects, this would appear to be what advocates of the alternative foundations (such as category theory, homotopy type theory or new foundations) are aiming at.
To conclude, it is my opinion that the debate in set theory is a prime target for conceptual engineering. Despite the debate being explicitly framed in terms of concepts, the current approaches are too restricted in trying to describe the concepts used in set theory as it is currently practiced, rather than the stronger position I advocate that the debate should be settle based on what we want to achieve with our mathematical conceptual repertoire. I have discussed this debate in terms of the defectiveness of the concept of set, the aims we have in deploying it in mathematics, and the scope for revision or replacement, and I have argued that doing so is the best way out of the conceptual quagmire the debate finds itself in.
Conclusion
In the above I have made the case that there is indeed a great deal of scope for conceptual engineering in the realm of mathematics. Mathematical concepts are open textured, as is shown by Lakatos and Shapiro, with the upshot that the eternal and definite fixity of mathematical concepts is only a limited phenomenon and often illusory. As a dual-purpose example, I showed that Haslanger's distinction between manifest and operative concepts can be applied to the identification of mathematical concepts with set-theoretic analogues, demonstrating a divide between ideal and observed practice of mathematics. Furthermore, this instantiated my claim that the tools being developed as part of the wider movement of conceptual engineering can prove fruitful when applied in the philosophy of mathematics. I have made the case that this all contributes to Cappelen's argument that there are no conceptual safe spaces where we are in full and definite control, something which mathematics would have been a prime candidate to serve as an objection to. In the end, I have argued that mathematicians are a kind of conceptual engineers. I do not merely mean this as a merely descriptive claim, but additionally as a methodology that should be embraced in mathematics. I demonstrated this as applied to the debate between advocates of the Universe view and the Multiverse view of set theory, arguing that the way forward in this debate is to understand the issue of tension as being of the right kind for conceptual engineering to resolve. Drawing on the resources of conceptual engineering will allow more powerful insights into the creation and development of mathematical concepts.
